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lliness/death model R -
(Reference: Section 3.4.2 in Aalen, Borgan and Gjessing, 2008) P(s,t) = T[(s‘t] (H + dA(u))

% lliness-death model: = Hj:5<Tj§t (]I + AA(T/‘))



lliness/death model ~ -
(Reference: Section 3.4.2 in Aalen, Borgan and Gjessing, 2008) P(s,t) = ﬂ(s‘t] (H + dA(u))

* lliness-death model: = Hj:5<Tj§t (]H‘ AZ(T/))

healty a'c ill/deseased
e dead

* P(s, t) has the following structure

Poo(s,t) Poi(s,t) Poz(s
P(s,t) = g Png)s7 t)  Piafs
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)



lliness/death model ~ -
(Reference: Section 3.4.2 in Aalen, Borgan and Gjessing, 2008) P(s,t) = ﬂ(&t] (H + dA(u))

% lliness-death model: = Hj:5<Tj§t (I+ AZ(E))

healty a'c ill/deseased
e dead

* P(s, t) has the following structure

Poo(s,;t)  Poi(s,t)  Poz(s,t)
P(s,t) = 8 Pngsy t) P12257 t)

* Note: P(s,t) is a transition matrix so must have

— Poo(s, t) + Poi(s, t) + Poz(s, t) =1
— Pi1(s, t) + P12(s,t) =1



lliness/death model ~ -
(Reference: Section 3.4.2 in Aalen, Borgan and Gjessing, 2008) P(s,t) = ﬂ(&t] (H + dA(u))

% lliness-death model: = Hj:5<Tj§t (ﬂﬂL AZ(E))
healty a'c ill/deseased
e dead

* P(s, t) has the following structure
Poo(s,t) Poi(s,t) Poza(s,t)

P(s,t) = 0 Pii(s,t)  Pia2(s,t)
0 0

=

* Note: P(s,t) is a transition matrix so must have

— Poo(s, t) + Poi(s, t) + Poz(s, t) =1
— Pi1(s, t) + P12(s,t) =1

* Want to find formulas for Poo(s, t), Pos(s, t) and Py1(s, t)



lliness/death model ~ -
(Reference: Section 3.4.2 in Aalen, Borgan and Gjessing, 2008) P(s,t) = ﬂ(&t] (H + dA(u))

% lliness-death model: = Hj:5<Tj§t (ﬂﬂL AZ(E))
healty e'c ill/deseased
e dead

* P(s, t) has the following structure

Poo(s,t)  Poi(s,t) Poz(s,t)
P(s, t) = 0 Pi1(s,t)  Pia2(s, t)
0 0 1
* Note: P(s,t) is a transition matrix so must have

— Poo(s, t) + Poi(s, t) + Poz(s, t) =1
— Pi1(s, t) + P12(s,t) =1

* Want to find formulas for Poo(s, t), Pos(s, t) and Py1(s, t)
* Strategy:

— the factor (]I + AZ(E))
product of two (]I + AA\)(TJ)) factors

product of three (]I + AZ)(T})) factors

— "“guess” on general formula
— general formula can be proved by induction



The factor (]I + A/Z( TJ))

*

lliness-death model
healty °'° ill/deseased
e dead

B(s, t) = ﬂ(s‘t] (]I + dZ(u))
= Hj;s<Tj§r (]I + A’/A\(T/))

-~ J,

Agn(t) = f3 G dNan(s)
. 1
= Zji'l'jghgt Yg(Tjgh)

’Zgg(f) == s Zgh(f)



The factor (]I + A/Z( TJ))
* lliness-death model
healty a'e ill/deseased
e dead

B(s, t) = T[M (u + dZ(u))
= Hj;s<Tj§r (]I + AA\(T/))

-~ J,
Agh(t) = J§ G dNen(s)

— 1
= Z gh h
STt Yg(‘rf)

’Zgg(t) == hse Zgh(t)

* Recall: Observe n individuals following the illness-death model



The factor (]I + A/a( TJ))
* lliness-death model
healty 0'0 ill/deseased
e dead

B(s, t) = ﬂ(s,t] (u + dZ(u))
= Hj;s<Tj§r (]I + AA\(T/))

ths
fo Ygs S)
—Zm-gsrm

’Zgg(t) == hse Zgh(f)

* Recall: Observe n individuals following the illness-death model

* First focus on transitions from 0 to 1



The factor (]I + A/a( TJ)) P(s, t) = ﬂ(s,t] (H+ dﬂ(u))

= Hj:s<Tj§r (K + AA(T/))
* lllness-death model ]
t
fo Yi(s S)

healty 0 ill/deseased
' - ZJ T8 <t vggf")

dead i x
e e Agg(t) = = 324 Aen(t)

* Recall: Observe n individuals following the illness-death model

* First focus on transitions from 0 to 1

* Notation: 0 < T3 < T2 < ...

0 T1T2sTs Ta Ts Te T7tTs To



The factor (H + Aﬂ( TJ)) B(s, t) = ﬂ(s,t] (11 4 dﬂ(u))

= Hj:s<Tj§r (K + AA(TJ))
* lllness-death model

t Jg(s s)
healty ill/deseased = Jo Yg(s
TSy - ZJ T
dead n Iy
a ea Agg(t) = = 224 Aen(t)

* Recall: Observe n individuals following the illness-death model
* First focus on transitions from 0 to 1

* Notation: 0 < T; < T2 < ...

0 T1T2sTs Ta Ts Te T7tTs To

% If we at time T; observe a transition from state O to state 1 we have
1 1

. Vo) Ve(ry O

AA(T) = 0 0 0

0 0




The factor (H + Aﬂ( TJ)) B(s, t) = ﬂ(s,t] (11 4 dﬂ(u))

= Hj:s<Tj§r (K + AA(TJ))
* lllness-death model

t Jg(s s)
healty ill/deseased = Jo Yg(s
TSy - ZJ T
dead n Iy
a ea Agg(t) = = 224 Aen(t)

* Recall: Observe n individuals following the illness-death model
* First focus on transitions from 0 to 1

* Notation: 0 < T; < T2 < ...

0 T1T2sTs Ta Ts Te T7tTs To
% If we at time T; observe a transition from state O to state 1 we have

1— 1 0

~ Yo(T)) Yo(T;)
I+ AA(T)) = 0 1 0
0 0 1




The factor (H + Aﬂ( TJ)) B(s, t) = ﬂ(s,t] (11 4 dﬂ(u))

= Hj:s<Tj§r (K + AA(TJ))
* lllness-death model

t Jg(s
gn(s)
healty ill/deseased Zf Vg(s
' T T < vg(rfh)
(2) dead Agg(t) = = Ty A
eg(l) = hrtg Aen(t)
* Recall: Observe n individuals following the illness-death model
* First focus on transitions from 0 to 1
* Notation: 0 < T; < T2 < ...
0 T1T2sTs Ta Ts Te T7tTg To
% If we at time T; observe a transition from state O to state 1 we have
1 1
_ l=vrm vy O
[+ AA(T)) = 0 1 0
0 0 1
* Alternative formulation
1— ANge(T;) ANpy (T) ANo2(Tj)
=N Yo(Tj) Yo(T)) Yo(T;)
I+ AA(T;) = 0 1 AN12(T)) ANy 2(Tj)
Y1 (T;) Ya(T;)

0 0 1



The factor (H + Aﬂ( TJ)) B(s, t) = ﬂ(s,t] (11 4 dﬂ(u))

= Hj:s<Tj§r (K + AA(TJ))
* lllness-death model

t Jg(s
gn(s)
healty ill/deseased Zf Vg(s
' T T < vg(rfh)
(2) deas As(1) = = S Asn(t
88 - h#g gh( )
* Recall: Observe n individuals following the illness-death model
* First focus on transitions from 0 to 1
* Notation: 0 < T; < T2 < ...
0 T1T2sTs Ta Ts Te T7tTg To
% If we at time T; observe a transition from state O to state 2 we have
1 1
_ l=vwrm 0 w%m
I+ AA(T)) = 0 10
0 0 1
* Alternative formulation
1— ANoe(Tj) ANo1(T)) ANo2(Tj)
=N Yo(Tj) Yo(T)) Yo(T;)
I+ AA(T)) = 0 1 AN12(T)) ANy 2(Tj)
Y1 (T;) Ya(T;)

0 0 1



The factor (H + Aﬂ( TJ))

* lllness-death model
healty 0' ill/deseased
a dead

* Recall:
* First focus on transitions from 0 to 1

* Notation: 0 < T; < T2 < ...

0 T1T2sTs Ta Ts Te T7tTs To

B(s, t) = ﬂ(s,t] (11 + dﬂ(u))
= Hj;s<Tj§r (K + AA\(—[_J))
ff

- z/. < v

— X sy Aan(t)

Jg(s
Yg(s) (s

n(s)

Age(t) =

Observe n individuals following the illness-death model

% If we at time T; observe a transition from state 1 to state 2 we have

1 0 0
~ 1 1
I+AA(T)=| 0 1-— Yi(7)  va(T))
0 0 1
* Alternative formulation
1— ANoe(Tj) ANo1(T)) ANo2(Tj)
=N Yo(Tj) Yo(T)) Yo(T;)
I+ AA(T)) = 0 1 AN12(T)) ANy 2(Tj)
Y1 (T;) Y1(T/)

0

0 1



Product of two (]I + AE(E)) factors

* Recall: we found

I+ AA(T) =

1—

P(s,t) = T[(S,t] (H + dﬁ(u))
= Hj-s< Ti<t (I + AZ(TJ))

ANoe(T)) ANp1 (T) ANo2(Tj)
Yo (7)) Yo(T;) Yo(T;)
0 1— AN32(Tj) AN32(Tj)

Y1 (T;) Ya(T;)
0 1



Product of two (]I + AE(E)) factors

* Recall: we found

P(s,t) = 7[(“] (H + dﬁ(u))
= [ar,<e (I+ 2A(T))

1— ANoe(T)) ANp1 (T) ANo2(Tj)
=N Yo (7)) Yo(T;) Yo(T;)
I+ AA(T)) = 0 1 ANg2(Tj) AN32(Tj)
T A Y1(Tj)
0 1

* Recall: we want 1300(57 t), 1/501(57 t) and 1311(5, t)



Product of two (]I + Aﬂ( TJ)> factors P(s,t) = )"[(5 , (1+ dA(u))
= [ar,<e (I+ 2A(T))

* Recall: we found

1— ANoe(T)) ANp1 (T) ANo2(Tj)
=N Yo (7)) Yo(T;) Yo(T;)
I+ AA(T)) = 0 1 ANg2(Tj) AN32(Tj)
T A Y1(Tj)
0 0 1

* Recall: we want 1300(57 t), 1301(57 t) and 1311(5, t)

* We write

1_ ANoe(Tj) AN (T)) .
N Yo(T;) Yo(T;)
im0 B
1(T;



Product of two (]I + AE(E)) factors

* Recall: we found

P(s,t) = 7[(“] (H + dﬁ(u))
= [ar,<e (I+ 2A(T))

1— ANoe(T)) ANp1 (T) ANo2(Tj)
=N Yo (7)) Yo(T;) Yo(T;)
I+ AA(T)) = 0 1 ANg2(Tj) AN32(Tj)
Y1 (T;) Ya(T;)
0 1
* Recall: we want 1300(57 t), 1301(57 t) and Isn(s, t)
* We write
ANge(T) AN (T))
_ L=~ Yo(T;) * a(T)  b(T) *
I+ A(T;) = 0 1 — ANi2(T)) = 0 c(T;)
Y1 (T)) 0 0 *
0 0 *



Product of two (]I + Aﬁ( TJ)> factors P(s,t) = )"[(5 , (1+ dA(u))
= [ar,<e (I+ 2A(T))

* Recall: we found
ANoe(T)) ANp1 (T) ANo2(Tj)

_ j i
R -~ Yo(T;) Yo(T))
I+ AA(T)) = 0 1 ANg2(Tj) AN32(Tj)
Y1 (T;) Ya(T;)
0 0 1

* Recall: we want 1300(57 t), 1301(57 t) and Isn(s, t)

* We write

1 BT ANoy (T;)
R Vo(T;) Vo(T;) * a(T;)  b(Tj) *
I+ A(T;) = 0 1 — ANi2(T)) = 0 c(T;)
V(7)) 0 0«
0 0 *

* This gives
. N a(T;)  b(Tj) a(Tk)  b(Tk) *
(1+Am)) x (1+AT)) =| 0 «T) * | x 0 T *
0 0 0 0 x



Product of two (]I + Aﬁ( TJ)> factors P(s,t) = )"[(5 , (1+ dA(u))

= [ar,<e (I+ 2A(T))

* Recall: we found

1— ANoe(T)) ANp1 (T) ANo2(Tj)
N Yo (7)) Yo(T;) Yo(T;)
I+ AA(T)) = 0 1 ANg2(Tj) AN32(Tj)
Y1 (T;) Ya(T;)
0 0 1
* Recall: we want Isoo(s7 t), 1301(57 t) and 1311(5, t)
* We write
ANoo(T)) ANo1(Tj)
_ 1=~ Yo(T)) * a(T)  b(T) *
I+ A(T)) = 0 -~ A’\’12( 7 . = 0 c(T;)
Ya(T)) 0 0 *
0 0 *
* This gives
. . a(T)  b(Ty) o+ a(Ti)  b(T%)
(1+AT)) x (1+AT)) = | 0 «T) « |x o (Tk)
0 0 *

*
a(Tya(Ti)  a(T))b(Ti) + b(T;)e(Tx)
8 C(T)O‘:(Tk



Product of three (]I + /K(TJ)) factors a(T)=1- Afg’g{)
bu(T;) = 252

(1+AT)) x (1+A(T) x (1+A(T)) (7)) =1 - g
[ 3(7}')6?(71) a(THb(Ti) + b(Tj)e(Te)  * } { a((')"l) b(T))  * }
= X *

e(T)e(Tw) * (T
0 0 * 0 0



Product of three (]I + /K(TJ)) factors

ANou(T))
a(Tj) =1- yo(Tj)j

AN (T)

ba(T)) = =7yt

~ ANgo(T;
(14 A1) x (14 AT) x (1+ ATy o(T) =1 - 25

= e(T)e(Tw) (1)
0 0 0

[3(77);('&) a(Tj)b(Tk) + b(T;)e(Te) *} {a(T/ b(T) *}
(

= C(T)C( Ti)e(T1)

*
0

*

[ a(Tj)a(gk)a(T:) a(Ty)a(Ti)b(T)) + a(T;)b(Tk)e(Ti) + b(Tj)e(Ti)e(T))  * ]



Product of three (]I + /K(TJ)) factors

ATy =1 - et

b7 = 27

(14 AT (14 &) x (14 &) cmy-1- Aty
[a(Tj)a(Tk) a(T;)b(Ti) + b(Tj)e(Tx) *} {a(T/ b(Ti) *}
= 0 o(T)e(Ti) o) *
0 0 0 *

(
= e(T7)e(Ti)e(T)) *
0 0

*

[ a(Tj)a(gk)a(Tl) a(Ty)a(Ti)b(T)) + a(T;)b(Tk)e(Ti) + b(Tj)e(Ti)e(T))  * ]

* From this we see that

0 T1T2sTs Ta Ts Te T7tTg To



Product of three (]I + /K(TJ)) factors

AT) = 1- S

bu(T;) = 252

(1 A) (1 A7) (14 ) 1 - S
[a(ma(m a(T)b(Ti) + b(T))e(Te) } {a(rl b(T)) }
= 0 <(T)e(Ti) ()«
0 0 0 *

a(Ty)a(T)a(Ty)  a(T;)a(Ti)b(Ti) + a(T;)b(Tu)c(Ti) + b(T;)e(Ti)c(T))
8 <( ;)C(gk)c( T))

* ok Xt
[ S

* From this we see that

0 T1T2sTs Ta Ts Te T7tTg To

Pools.t)= | T] (1+Am)| = T am)
j:s<Tj§t u

j:s<Tj§t



Product of three (]I + /K(TJ)) factors

a(T) = 1- S5
bu(T;) = 252
(13m) (14 A7) (A7) () =1 S
[ a(T))a(T)  a(T))b(Ti) + b(T))c(Tk)  * } { a(T, b(T)) * }
= 0 (T)c(n) o(T) =
0 0 *
[ a(n)a(gk)a(m a(T;)a(T)b(T)) + a(Tj)b(T)e(T)) + b(T))e(Ti)e(T))

C(T)C( Ti)e(T1)
0

* ok Xt
[ S

* From this we see that

0 T1T2sTs Ta Ts Te T7tTg To

’300(5’0[ I1 (Hﬁ(m)} - I am= 1II (17A’V°-(Tf))
Jis<T;<t “

Js<Ti<t Js<Tj<t Yo(T))




Product of three (]I + /K(TJ)) factors

a(T) = 1- S5
Ty = 2107
(JI+Z ‘)) (H+A(Tk) (H+A(T/)) o(T)=1- Af:fT‘JT;’
[a(rj)a(m a(T;)b(Ty) + b(T;)e(Tx) *} {a(rl b(T) *}
= 0 (T)C(Tk) o(T)  *
0 0 *
(

a(Tja(T)a(T)  a(T;)a(T)b(Ti) + a(T;))b(Te)e(T)) + b(T;)e(T)e(Ti)
= 8 C(T)C( Ti)e(Ti)

* ok Xt
[ S

* From this we see that

0 T1T2sTs Ta Ts Te T7tTg To

ﬁoo(s,t)[ 11 (H+Z(7'j))‘| IT «m= TI (17AN0.(Tj))
Jis<T;<t “

Js<Tj<t Js<Tj<t Yo(T))

ﬁu(s,t)—[ I1 (H+Z(m)] = II «m)
j:s<Tj§t 2n

j:s<Tj§!



Product of three (]I + /K(TJ)> factors ATy =1 BT

T %)
bu(T;) = 252
(1+ A7) x (H+A(Tk ) x (1+A(T) o(T)=1- Ayll(zT‘jT)ﬂ
[a(ma(m a(Tj)b(T) + b(Tj)e(Ti) *} {a(rl b(T)) *}
= 0 (T)C(Tk) co(T)
0 0 *
a(Tj)a(Ti)a(T))  a(T;)a(Tk)b(T)) + a(T;)b(Tk)c(Ti) + b(T))e(T)e(T))
8 c(Tj)c ( Ti)e(T) *

* From this we see that

0 T1T2sTs Ta Ts Te T7tTs To

P, Y ANoo(Tj)

e[ 1 ] 1 e 11 (oS
Jis<T;<t 1 Jis<Tj<t jis<Ti<t ol /j

’Su(%f)—[ I1 (Hﬁ(m)] - I1 am- I (-5

Y1(T;
jis<T;<t Jis<T;<t Jis<T;<t 1(T})



Product of three (]I + /K(TJ)> factors ATy =1 BT

Yo(T))
bi(T) = 5t
(14+ AT)) x (1+A(Ta) x (14 A(T) o(T)=1- AfllfT‘jT;’
aT)a(Te)  a(T)b(Te) + b(THe(Te) AT) (T -
= 0 c(Tj)e(Tw) (1) =
0 0 0 *
a(Tj)a(Ti)a(T))  a(T;)a(Tk)b(T)) + a(T;)b(Tk)c(Ti) + b(T))e(T)e(T))
= 8 c(T; ( Ti)e(T)) *

* From this we see that

0 T1T2sTs Ta Ts Te T7tTg To

Pools.t)= | TI (1+Am)| = TI am= TI (17AN0.(T,-))

Js<Tj<t Js<Tj<t Js<Tj<t Yo(T))
& Jaa

Puo= | T1 (+am)| = T1 am=- 1 (1-52)

Yi(T;
js<Ti<t jis<Ti<t jis<Ti<t 1(T})
L 422

Pa(s.)= | [I (+AM)| = X [( I1 a(m) b(Tj)( I1 c(Tk))]

_j:s<Tj§t IR Jis<T;<t kis< Ty <Tj keTj<Tp<t



Product of three (]I + /K(TJ)> factors ATy =1 BT

Yo(T))
bi(T) = 5t
(14+ AT)) x (1+A(Ta) x (14 A(T) o(T)=1- AfllfT‘jT;’
aT)a(Te)  a(T)b(Te) + b(THe(Te) AT) (T -
= 0 c(Tj)e(Tw) (1) =
0 0 0 *
a(Tj)a(Ti)a(T))  a(T;)a(Tk)b(T)) + a(T;)b(Tk)c(Ti) + b(T))e(T)e(T))
= 8 c(T; ( Ti)e(T)) *

* From this we see that

0 T1T2sTs Ta Ts Te T7tTg To

Pools.t)= | TI (1+Am)| = TI am= TI (17AN0.(T,-))

Js<Tj<t Js<Tj<t Js<Tj<t Yo(T))
& Jaa

Puo= | T1 (+am)| = T1 am=- 1 (1-52)

Yi(T;
js<Ti<t jis<Ti<t jis<Ti<t 1(T})
L 422

Pas.)=| J[ (1+Am)| = X [( I1 a(m) b(Tj)( I1 c(Tk))]

_j:s<Tj§t 11z j:s<Tj§t k:s<Tk<Tj k:Tj<Tk§t

jis<Tj<t Yo(T))




Proof for the formulas

* Want to proof the formulas

Poo(s,t) =[] (1 - %)

j:s<Tj§t
PN ANy (T;
a1 (- )
j:s<Tj§t 1( J)

ANo1(T;)

Poi(s,t) = > |Pools, Tj-1) - va(T)

. /311(7—1'7 t)}
Jis<T;<t

* Given ~ ~
Ps,)= [] (11+AA(T,-))
Jis<Tj<t
* Proof by induction

— proof formulas when only one observed transition in (s, t]

0 T1T2sTs tTa Ts

— assume formulas correct for k observed transition in (s, t],

0 T1T2sT3 Ta Ts Te tT; Ts

and show that then it is also correct with k + 1 observed transitions in (s, t]

0 T1T2sT3 Ta Ts Te T7tTg To



Summary

* lliness-death model:
healty e'a ill/deseased
e dead

* Used Kaplan—Meier estimator for general Markov chain

P(s,t) = [ (1+dAw) = T (1+0AT))

(s,t] Jis<Tj<t

* Showed that

Jis<T;<t
5 AN12(T;))
Pi1(s, t) = 1— ————==
j:sgg:< Ya(Tj) )
Poa(sit) = > [ﬁm(% Tj-1)- A\I/V%.(r;r)j) - Pu(T;, t)}

j:s<Tj§t



